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SUMMARY

Narain [1] gave a necessary condition for without replacement sampling to
have smaller variance than with replacement sampling. In this paper that
necessary condition has been disproved.
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Introduction

"When a sample of n units is selected by unequal probabilities with
replacement, an unbiased estimator of population total Y, with usual
notations, is given by

n ' : :
. _1_ Y - )
= 27‘—. o (L.D)
The variance of (1.1) is given by
/\. 1 ].Y\ 2 ‘
— FE . '
x,) = -, (H o T Y ) o )

,Also, when samplmg is done by varying pr0babxht1es w1thout replacement
the estimator glven by :
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1

is.unbiased for ¥ with its variance given by

N -
Yo z u & s Ty — Y- . - (19

y T Ty
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Naraln [1] obtained a necessary condmon for V(Y,,,,,) to be smaller then
V( Y,,,,) for the situations when ; = np,, irrespective of y’s as

2(n —1) o

Ty < a

) for all.j, j ' )

2. Comparison of V(Yyy) and ¥V (Yui,)

The diﬁ‘erénce V( fwr) - V(fw,,) for the case 'n; = np,, takes the form

I_Z}f+ wa( — ﬁm)J .1)

i#

Clearly, the term in the bracket is the quadratic form

(M1 A T ANNE
. : PR PP ¥ | Ya ,, ’
Y4y =11, Y2 ... sl { : , ]' - (2.2)
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n Ty
n—1 n; w

with Ay=1 and A, =1 — (2.3)

The core of Narain’s proof lies in the following argument : Since (2.2)
is a quadratic form, the necessary and sufficient condition for sampling
without replacement to have smaller variance than sampling with replace-
ment irrespective of y’s is that all leading principle minors of 4 must be
non-negative. The second order principle minors give

1230, ‘ I ‘_(2.4)
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or <2‘—”n.m, - T e

which is the necessary condition according to Narain. -

One important aspect in the proof has been overlooked.. A quadratic
form takes positive values not only in the case of the positive definite
form but also many times.in the indefinite form. Therefore the necessary
condition for without replacement sampling to have smaller variance
than with replacement sampling is that the quadratic form should not be
negative semidefinite always. The condition for this is that the leading
principle minors should not be negative and positive alternatively. This
implies ;s 2> 0 which is always true. Thus, there is no minimum require-
ment for without rep]acement -sampling to be better than w1th replace-
ment sampling. :

3. Illustration - - 'E—.f

Consider the expmple of 9 uuit_s with x and y values as given below:

SI.No. . . % ) %

1 10 10
2 2 4
3 9 , 9
4 ) 3 6
5 8 8
6 4 4
7 7 7
8 s 0
9 6 6

Further consider the following varymg probability samplmg design for
sample size 2 for the above population
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Sl No. of Sample Units in the Sample Probability of Selection
1 1.2 ' 1/90
2 13 ‘ 11/135
3. 1.4 S 1/45
4 1.5 19/270
5 1.6 130
6 1.7 : 8/135
7 18 2/45
8 1.9 o 13[270
9 23 : ©1/540
10 2.4 : 1/60
11 2.5 . 1/270 . .
12 2.6 2/135
13 2.7 - - 1/180
14 2.8 71540
15 2.9 1/135 - '
16 3.4 : 1/90
17 3.5 13/180
18 3.6 : o145
19 3.7 ‘ © 11/180
20 3.8 1/90
21 3.9 1/20
22 4.5 1/540
23 4.6 77270
24 4.7 o 1270
25 4.8 . C 13/540
3 26 49 - 1/180 '
; 27 56 - . 1/90 :
- 28 5.7 17/270
29 - 5.8 i 1/45
' 30 " 5.9 7/135
31 6.7 ‘ 1/540
l' 32 6.8 . 19/540
, 13 6.9 1/270
t 34 78 ' 1/90
. 35 7.9 . 29/540
36 - 8.9 1/540

It is easy to see that for above sampling design the inclusion probabi-
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lities of units are exactly proportional to ‘their respective ‘sizes. Also for
the above samplmg design : -

Cmy = 2/27
1/9

Ty

and Wé; = 1/60

Thus n; n4 — m,, is négative v1olat1ng Narain’s necessary condition. The
variance of ‘the estimate of population total based on without replace-
ment TPS sample of size 2 and with replacement PPS sample of size 2
are as under

V(Yo ) = 236

N
V(Yw) = 270

From this example it has been verified that without replacement samplmg
provides more efficient .¢stimate than with replacement samplmg even
when the Narain’s necessary condition is- vxolated
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